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Abstract 

In this work, we establish the asymptotic normality of the deconvolution kernel 
density estimator in the context of strongly mixing random fields. Only minimal 
£Nj \ conditions on the bandwidth parameter are required and a simple criterion on 

. the strong mixing coefficients is provided. Our approach is based on the Lin- 

deberg's method rather than on Bernstein's technique and coupling arguments 
widely used in previous works on nonparametric estimation for spatial processes. 
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We deal also with nonmixing random fields which can be written as a (nonlinear) 
functional of i.i.d. random fields by considering the physical dependence measure 
E~" 1 ■ coefficients introduced by Wu 1 20 1 . 
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Short title: Deconvolution kernel density estimator for random fields. 

1 Introduction and main results 



Let X = (Aj) igZ d be a stationary real random field denned on the probability space 
(Q, J 7 , P). We observe the random field X on a region A n , n G N*, but the observations 
are contamined with noise such as measurement errors. In fact, we observe only the 
random field Y = (Yi) ieZ d defined for any % in Z d by Yi = Xi + 9i where the error 
variables (9i) ieZ d are identically distributed and independent of X. We denote by 
fy, fx and fg the marginal density of Y, X and 9 respectively and we have fy = 
fx*fe- We observe a sample of Y and we want to estimate fx using the deconvolution 
kernel approach introduced by Stefanski and Carroll [TS]. Previous key results on 
deconvolution kernel density estimators for time series are Fan [7], j8] and Masry |12] . 
j 13] . For strongly mixing random fields indexed by the lattice Z d , Li [10] obtained 
a central limit theorem for the deconvolution kernel density estimator using the so- 
called Bernstein's small and large blocks technique and coupling arguments initiated 
by Tran [19]. Note that the extension of asymptotic result for time series to the spatial 



setting is not trivial because of difficulties coming from spatial ordering. The purpose 
of this work is to put on light a new approach for the asymptotic normality of kernel 
density estimators. In fact, we are going to apply the Lindeberg's method (see 
in order to improve the result by Li jTU] in several directions. This new approach was 
recently applied successfully in El Machkouri and Stoica [5] and El Machkouri [1] for 
the Nadaraya- Watson estimator and the Parzen-Rosenblatt estimator respectively in 
the setting of random fields. 

For any finite subset B of Z d , denote \B\ the number of elements in B and dB its 
boundary defined by dB = {i G B ; 3j ' ^ B \i — j\ = 1} where \s\ — ma,xi<k<d \ sk\ for 
any s = (si,...,Sd) in Z d . In the sequel, we assume that we observe [Xi) i&L d on a 
sequence (A n ) n >i of finite subsets of Z d which satisfies 

lim |A n | = oo and lim ■ n j = 0. (1) 

Given two cr-algebras U and V of J 7 , we recall the a-mixing coefficient introduced by 
Rosenblatt [16J defined by a(U, V) = sup{|P(A n B) - P(A)P(S)| , A e U, B G V}. 
For any r in N* U {oo} and any positive integer n, we consider the mixing coefficient 
ai >T (n) defined by 

a ltT {n) = sup {a(a(X k ), T B ), k G Z d , \B\ < r, p(B, {k}) > n}, 

where Tb = ff{Xi ; i 6 5) and the distance p is defined for any subsets B\ and Bi of 
Z d by p(Bi, B 2 ) = minjjz — j\, i G Bi, j G B 2 }. We say that the random field (Xj) igZ d 
is strongly mixing if lim^oo ati . T {n) = for some r in N* U {oo}. 

Let (6 n ) n >i be a sequence of positive numbers going to zero as n goes to infinity. The 
deconvolving kernel density estimator for fx is defined for any x in R by 



where for any z in 



9 „( Z ) = L[ e-'»-^Ldt. 



The kernel density estimator /„ defined by (EJ) can be written for any x in K as 

/»(*) = ±f e-^Mt)^j^dt (3) 
2vr J R 4>e[t) 



where 



e ltY \ 



We consider the following assumptions: 
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(Al) The marginal probability distribution of each Yj. is absolutely continuous with 
continuous positive density function /y. 

(A2) There exists k > such that sup r XiV )£M? fi\j(y\x) < k where fi\j is the conditional 
density function of Yj given Yj for any i and j in Z d . 

(A3) There exists > and B > such that |#|<M*)| > B. 

t— s-+oo 

(A4) The characteristic function <pK of the kernel vanishes outside [—1, 1]. 
(A5) The bandwidth b n converges to zero and |A n |6 n goes to infinity. 
The following result establishes the asymptotic bias of the estimator f n . 
Proposition 1 (Li [10J , 2008) If 4>k is continuous then, for any realx, 

E(f n (x)) ► f(x). 

n— >+oo 

Now, we investigate the asymptotic variance of the estimator f n . 

Proposition 2 Assume that Yl m >i m ' 2d ~ 1 ct\,i{ m ) < oo. For any x in M., we have 

lim \A n \bf +1 Y(f n (x)) = ^ I \t\ 2 ^ K {t)\ 2 dt := a 2 (x). (4) 
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Our main result is the following. 

Theorem 1 Assume that Assumptions (Al), (A5) hold and 

+ 0O 



J^m M ^i.ooO) < oo. (5) 



m=l 



Then for any positive integer k and any distinct points x±, x^ inW, 



(|An|e +1 ) 1/2 



C ^Af(0,V) (6) 



\ fnM ~ Ef n (x k ) J 

where V is a diagonal matrix with diagonal elements v„ = J R \t\ 2l3 \(j)K(t)\ 2 dt . 

Remark 1. Theorem [T] improves Theorem 4.1 and Theorem 4.2 in [TU] in three direc- 
tions: the regions A n where the random field is observed are not reduced to rectangular 
ones, the assumption (A5) on the bandwidth b n is minimal and the mixing condition 



(jSJ) does not dependent on the bandwith parameter b n . 

Since the mixing property is often unverifiable and might be too restrictive, it is impor- 
tant to provide limit theorems for nonmixing and possibly nonlinear spatial processes. 
So, in the sequel, we consider that (Xi) i&Z d is a field of identically distributed real 
random variables with a marginal density / such that 

Xi = F (ei- s ; seZ d ), i G Z d , (7) 

where {£j)j e z d are i-i-d. random variables and F is a measurable function defined on 
R zd . In the one-dimensional case (d = 1), the class (J2J) includes linear as well as 
many widely used nonlinear time series models as special cases. More importantly, 
it provides a very general framework for asymptotic theory for statistics of stationary 
time series (see [20j and the review paper [21]). Let (e^j^d be an i.i.d. copy of 
( £ j)jez d an d consider for any positive integer n the coupled version X* of Xi defined 
by X* = F (e*_ s ; s e if) where e* = Ej l^yo} + e' Q i{j=o} for any j in Z d . In other 
words, we obtain X* from X^ by just replacing £ by its copy s . Following Wu [20j , 
we introduce appropriate dependence measures: let i in Z d and p > be fixed. If Xi 
belongs to L p (that is, E|Xj| p is finite), we define the physical dependence measure 
8i jP = \\Xi — X*\\ p where || . || p is the usual L p -norm and we say that the random field 
(Xi) i&Z d is p-stable if J2iez d $hP < 00 • ^ or d > 2, the reader should keep in mind the 
following two examples already given in [6J : 

Linear random fields: Let (Ei) ie %d be i.i.d random variables with £j in LP, p > 2. The 
linear random field X defined for any i in Z d by 

X{ ^ ^s^i—s 
s&Z d 

with (a s ) se %d in M zd such that Y2iez d < oo is of the form (j7j) with a linear functional 
g. For any i in Z d , 5i :P = ||aj||||eo — £ oIIp- ^o, X is p-stable if Y2iez d l a *l < 00 • Clearly, 
if H is a Lipschitz continuous function, under the above condition, the subordinated 
process Y{ = H(Jfj) is also p-stable since 5i )P = 0(|aj|). 

Volterra field : Another class of nonlinear random field is the Volterra process which 
plays an important role in the nonlinear system theory (Casti [2], Rugh |17|): consider 
the second order Volterra process 

Xi ^ (^si,S2^i—si^i—S2i 

si,s 2 £Z d 
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where a SljS2 are real coefficients with a sljS2 = if S\ = s 2 and {si) ieZ d are i.i.d. random 
variables with Si in L p , p > 2. Let 

By the Rosenthal inequality, there exists a constant C p > such that 



Xi — X*\\ p < C p aJ ll^olhll^ollp + Cp-EJ/^lkollp- 



i/pi 



Theorem 2 Let (Xi) ieZ d be defined by the relation $7\) and assume that (Al), (A5) 
hold. If (EP is replaced by the condition 



|z| 5 2 5j < oo 

then the conclusion of Theorem^ still holds. 



(8) 



2 Proofs 

Throughout this section, the symbol k will denote a generic positive constant which the 
value is not important and for any i = (i±, ...,id) £ we denote \i\ = niaxi<fc<d \ik\. 
Recall also that for any finite subset B of Z d , we denote \B\ the number of elements 
in B. Let r G N* U {oo} be fixed and consider the sequence (m njT ) n >i defined by 



m„ T = max < n r , 



r E l < l d «i,r(N) 



(9) 



— ± 

where u n = \bn d ] and [ . ] denotes the integer part function. The following technical 
lemma is a spatial version of a result by Bosq, Merlevede and Peligrad ([T], pages 
88-89). 

Lemma 1 J/rGfU {oo} and ^2 m>1 m 2d ~ 1 oi 1>T (m) < oo £/ien 

m„, T oo, m^ T 6„->-0 and / ^ an )T (|i|) ->• 0. 



i\>m„, T 
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Proof of Proposition^ Let z be fixed in R. For any i in Z d , we denote 

' z - Yi " 



Eg n 



The proof of the following lemma is done in the appendix. 
Lemma 2 For any z in K ; 



(10) 



and sup igZ d\j } E |Z (s)Zj(£)| = 0(b n 2lS ) for any s and t 
Let x in K be fixed. We have 

6 2/3+l 



\K\bf +1 V(/»(*)) = bf +1 E (Z 2 (x)) + ^7" E Cov (^)' ^(s)). 
Since (Zj) igZ d is stationary, we have 



(11) 



A2/3+1 
n 

|An| 



<bf +1 E lE^Z^x))! 



iez d \{o} 



< 



f 1 <! sup E|Z (x)^(x)|+ E |E(Z (x)^(x))| 



«ez d \{o} 



|i|>m„ 



By Rio's covariance inequality (cf. j 15 j . Theorem 1.1), we know that |E (Zo(x)Z(x)) | < 
k||Z (x) H^a^id^l)- Since ||Z (a;)|| oo < nb^^ 1 and r G N* U {oo}, we obtain 



|An| 



E Cov^z),^)) 



< K 



\m d ntl bf +1 snp E|Z (a:)Z 4 (x)| + -^ T - E l»'lVi(M) 

V 4£Zd \W m n,lbn |j| >mnl 



Applying Lemma [T] and the second part of Lemma [2J we derive 



n->oo A n 



(12) 



Combining ffTOj) . ffTT]) and (fT2|) . we obtain (j3J). The proof of Proposition [2] is complete. 
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Proof of Theorem [TJ Without loss of generality, we consider only the case k = 2 
and we refer to x\ and £2 as x and y (x ^ y). Let Ai and A2 be two constants such 
that \\ + X\ = 1 and denote 

S n = X 1 (\A n \bf +1 ) 1 / 2 (/ n (a;)-E/ n (x)) + A2(|A n |6f +1 ) 1/2 (f n (y)-^f n (y)) = £ 



where Aj = \\Zi(x) + X 2 Zi(y) and for any z in R, 

1 / fz-YA fz-Yi 
Z,{Z) = K I s " l~J " Esh 

We consider the notation 



^m±3m r mMt)l > dt (13) 



77 R2 

The proof of the following technical result is postponed to the annex. 

Lemma 3 6 2/3+1 E(Aq) converges to rj as n goes to infinity and supj gZ d\{ } E| AoA,,| = 

In order to prove the convergence in distribution of S n to y/rjTQ where r ~ A/"(0, 1), 
we follow the Lindeberg's method used in the proof of the central limit theorem for 
stationary random fields by Dedecker |3j. Let ip be a one to one map from [1,k] PI N* 
to a finite subset of Z d and (Ci)igz d a rea l random field. For all integers k in [1, k), we 
denote 

k k 
i=l i=k 

with the convention S^o) (£) = ^( K +i)(£) = 0. To describe the set A n , we define the 
one to one map ip from [1, |A n |] fl N* to A n by: ip is the unique function such that 
(p(k) <i ex (p(l) for 1 < k < I < \A n \. From now on, we consider a field (Tj) igZ d of i.i.d. 
random variables independent of (Aj)j gZ d such that To has the standard normal law 
Af(0, 1). We introduce the fields T and 7 defined for any i in Z d by 

1 — and 73 — 



4 |A n |V2 — | An |i/2 

where 77 is defined by (1131) . Let h be any function from R to R. For < < Z < |A n | + 1, 
we introduce h^^T) = h(S^)(T) + S^mil))- With the above convention we have that 
hfc,|A„|+i(r) = ^(^(^(r)) and also fo ,z(r) = KS^^)) . In the sequel, we will often 
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write hkj instead of h^ifi). We denote by Bf(M) the unit ball of C*(R): h belongs to 
Bf(M) if and only if it belongs to C 4 (1R) and satisfies maxo<j<4 ||/i^||oc < 1> It suffices 
to prove that for all h in Bf( 



E(h (S^ Anl) (T)))—^E(h(T ^j)). 
We use Lindeberg's decomposition: 

I An | 

E (h (^(| An [)(r)) - h (rov^)) = ^ E (^M+i _ &fc-i,fe) • 

fc=i 

Now, 

hk,k+i — hk-\,k — hk,k+i — %-i,fc+i + ^fc-i,fe+i — hk-i^- 
Applying Taylor's formula we get that: 

- hk-i,k+i = r<p(k)h k -i,k+i + ~^%{k)hk-i,k+\ + -^fc 

and 

hk-i,k+i ~ hk-i,k = -l<p(k)h k -i,k+i ~ -jll(k) h k-i,k+i + r k 

where < rj (fc) (l A |r y ( fc j|) and |r fc | < tJ^ 1 a hV(*)D- Since ( r > ^^(fc) is inde- 
pendent of r^k), it follows that 



E (7 v (fc)^L-i, fe+ i) = and E (pfak) h k-i,k+i) = E ( 



|A 



77 fc" 



Hence, we obtain 

| An 



e (/i(^(|A»[)(r)) - h (t ov ^)) = XI E(rV)/4-i,ifc+i) 



fc=i 

| An 



2 *7 ^ fyfc-l,fc+l 



|A„| 



+ ^E(fi t + r t ). 



fe=i 



Let 1 < k < \A n \ be fixed. Noting that |A | is bounded by nb^ 1 and applying the 
first part of Lemma El we derive 



&f +f E|A | 3 



E|i4| < , . ,' - = O 



\X,\*' 2 V(|An| 3 &n) V2 

8 



E| 


7o! 


3 


|A 


n 


3/2 



and 

E|r fc |<^_< -' IA "V; o l =0 
Consequently, we obtain 

|A„| 



|An| 3 / 2 



I 2 lAnl 1 / 2 



0(1). 



Now, it is sufficient to show 



I An I / / , 

iim E (r^)C w ) + E (r 

fc=l \ \ V 



v \ K-i 



¥>(*) I A 

1 \j* 



k+1 



0. (14) 



First, we focus on Y^k=\ ^ 0-V(&)^4-i fc+i) • n ^ ne lattice Z^ we define the lexicographic 
order as follows: if i = (zi, i^) and j = (ji,---,jd) are distinct elements of Z d , the 
notation i <i ex j means that either i\ < j\ or for some p in {2,3, ...,d}, i p < j p and 
i q = j q for 1 < q < p. Let the sets {V™ ; % G 7L d , M G N*} be defined as follows: 

= {j EZ d ;j < lex z} and for M > 2, Vf f = V? fl {j G Z d ; \i - j\ > M}. 

For any subset L of Z d define Tl = and set 

E M (Ai) = R(Ai\F V M), M g N*. 

For all M in N* and all integer k in [1, |A n |], we define 

Ef = p([l, fc] n N*) n V# fc) and ^(T) = £ r,. 

For any function * from R to R, we define = ^(^^(H + SJmfr))- We are 

going to apply this notation to the successive derivatives of the function h. Our aim is 
to show that 

[An | 

jfeoE 1 ( r 9(*)' i fc-i,fc+i - (^(fc-i)( r ) - ^nn) ^fc-i,fc+i) = o. 
n 00 fc=i 

where (m nj00 ) n >i is the sequence defined by (j^J). First, we use the decomposition 

1 ¥>(*0 /l fc-l,fcH-l ~~ 1 v(fc)"-fe-l,fc+l 1 ^ a fc-l,fc+l — n k-l,k+l ) • 



We consider a one to one map from [1, |E™"'°° |] n N* to E™ n '°° and such that \if>(i) - 
f(k)\ < — 1) — tp(k)\. This choice of ip ensures that S^{T) and S^(j_i)(r) are 
J r y l^(i)-^(fc)l-measurable. The fact that 7 is independent of Y imply that 



V(fe) 



Therefore 



e (r^ti (S' t 



0. 



K 



E (r p(fc) (6i - 6i_i)) 



i=l 



(15) 



where 6; = // (S^fT) + -S , ^ (fe+1) (7) ) . Since 5^ (i )(r) and S^.^fT) are ^ivw-vWl- 
measurable, we can take the conditional expectation of with respect to Jvi^co-^c*)! 
in the right hand side of ffTBI) . On the other hand the function h is 1-Lipschitz, hence 
|Oi - ©i-i| < |r^(i)|. Consequently, 



|E(r„ w (e<- 9^0)1 <E|r^ w E 



\f(i)- v (k)\ (r ¥ ,( fc ) 



and 



Hence, 



|E m nj00| 



E(r^)^j +1 )|< £ E|r> w E 



ip(i)-tp{k) 



(r v (fc))l- 



|A„ 



fe=i 



I * I |T7i m '«',00 I 

-Ta^E E E l A ^(*) E WW-v(*)l( A *'(fc))l 

|An| k=l i=l 

<e +1 £ ii A ,-%i( A o)iii- 

|j|>mn,oo 

For any j in Z d , we have 

IIA^^Ao)!!! = Cov (|A,| (l %l (Ao)>o - 1e Ij|( a )<o) , A ) . 
So, applying Rio's covariance inequality (cf. |15j . Theorem 1.1), we obtain 



||A,E |J |(A )|| 1 <4 



ai,ao{\j\) 



Q 2 Ao (u)du 



where Qa i s defined by Qa { u ) = inf{t > 0; P(|A | > t) < u] for any u in [0,1]. 
Since |Aq| is bounded by k6~ /3_1 , we have 



Qa (m) < Kb n 



P- 1 and ||A i E b1 (A )||i<K^-Voc(|i|)- 
10 



Finally, we derive 



|A«| 



J^E (^r v{k) h™"^ +1 



k=l 



<f Yl «i.oo(b'l)< 



\j\>m„ 



n >°° " Iil>m„ j00 



i 71— > + 00 



and by Lemma [T], we obtain lim 
Taylor's formula, it remains to consider 



El A =jE(r, (fc) d: 



fc+i 



0. Applying again 



where |^| < 2|r^ ) (^ Jfc _ 1) (r) - 5^"(r))(l A ^^{V) - S™fa°° (T)\)\. Denoting 
W n = {-m n>00 + 1, ...,m n>00 - l} d and W 7 ^ = W n \{0}, it follows that 



I A* 



£B|J4| < 21? +'E ( |A | ( J] |A,| ) ( 1 A £ |A 



fc=l 



26f+ l E Ag+^|A A,| 1 



A 



ieW„ 



< 



Since |A | is bounded by nb n 13 l , we derive 

2/3 



I An | .. L 2/3+| 



< 



k=l 



\K\ 1 ' 2 : 



5]E(|A A i |) + 26f +1 ^E|A A,| 



+ 



< K 



K 



«^ +1 E(Ag 
(|A„|6 n )V2 1 V(|An|6 n ) 1/2 

1 / 6^ +1 



(|A„|6 n )V2 \(\A n \b n y/z 



+ 26f +1 ^E(|AoA,|) 



(by Lemma [3]) 



1 



+ 



1 



+ 1 ^ioA 



(|A„|6„)V2 \(\A n \b n y/ 2 
o(l) (by Lemma [1] and Assumption (A5)). 



So, we have shown that 



|An| 



n^oo^Z^ ( r ^w^-i,fc+i ~~ r ¥>(fc)(^(fe-i)( r ) - s^^j° (r))h k _ l}k+ ij = o. 



fc=l 



11 



In order to obtain (I14p it remains to control 



Fq = 'e r£ + r vW (X(*-D(r) - S^f (T)) - 



2|A„| 



Let \x be the law of the stationary real random field (Aj) igZ d and consider the projection 
ttq from M zd to R defined by 7i"o(u;) = and the family of translation operators 



from 



to 



defined by (T l (u;))fc = Uk+i for any i G Z d and any u; in 



M z . Denote by £> the Borel a-algebra of R. The random field (7r o T l ) ieZ d defined 
on the probability space (K z<i , £> zd , /i) is stationary with the same law as (Aj) ieZ d, 
hence, without loss of generality, one can suppose that (O, J 7 , P) = (R zd , £> zd , //) and 
Aj = 7r o T\ Recall that p is the metric defined for any finite subsets Bi and B 2 of 
Z d by p( J B 1 , 2 2 ) = min{|i - j| ; i e B u j e B 2 } and = maxi<K d |i A - j k \ for any 

i = (zi, ...,id) and j = (ji, ...,jd) in We consider the following sets: 

A^°° = {ieA n ;p({i},dA n )>m niOC } and 1™"-°° = {1 < A; < |A n | ; (p(k) G A™ n '°°}, 

and the function \I/ from K z<i to R such that 

(A) = A^ + ^ 2A Ai where W n = {-m njOC + 1, m n>0O - l} d . 
ieVjnWn 

For 1 < k < |A n |, we set = rj - fof +1 (* o T^ fc )(A)). By definition of * and of 
the set I™ n '°°, we have for any k in I™"' 00 

$ o T**>(A) = A£ (Jfc) + 2A, (fc) (^ (fc _ 1) (A) - S^f(A)). 



Therefore for in I™ n '' 



(«) 



|An| | An 

Using ([]]), we know that lim n ^ +00 lA^- 1 !!™"' 00 



r J(fc) - 2r (<:)(fc) (s , v ,( fc _i)(r) - sJ5j°°(r)). 



1. So, it remains to consider 



Fi 



E 



I I A I / v "-fc-l.fc+l-^fc 



Applying Lemma [3] and Lemma [H we obtain 



Fi< 



< 



^2/3+1 l A " 

E (^E^ + i( A ^)- E ( A o)) 



|A n 



E 7^E^-W A 

Anl k=l 



2 

f{k) 



mi)) 



+ o(l). 
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So, it suffices to prove that 
F 2 



goes to zero as n goes to infinity. Let C > be fixed. We have F% < F 2 + F' 2 where 



and 



62* 



-1 I An | 



E E ( E c K (fc) ) - E(Ag)) 

where we recall the notation Ec fA^^J = E ^A 2 ^ | J-^c ^ . The following result is a 
Serfling type inequality which can be found in 



Lemma 4 Let lA and V be two a-algebras and let X be a random variable measurable 
with respect to U. Ifl<p<r<oc then 

\\E{X\V) - E(X)\\ p < 2(2^ + 1) (a(W, V))H \\X\\ r . 

Applying Lemma H] and keeping in mind that |Ao| is bounded by Kb~"~ x , we derive 

K < bf +1 \\E c (Aq) - E(Aq)||i < Kfi-VooCG) 

In the other part, 



1,2/3+1 l A "l 

' n ' fe=i 



where 



J^H E (^+i°^ W (Aq - Ec (Aq)) 
since h' k ^. 1 k+1 o T~^ fc ) is Jyc -measurable and 

6f +1 J^) = 6f +1 |E ((Ci^i ° ^^ (fc) - C W ° (AS - Ec (Ag)) 



< 



2/3+^ 



(|A n |6 n )V2 | An |i/2 



E|A Aj| since |A | < nb^' 1 a.s. 



\i\<C 



< K 



(by Lemma [3]) 
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So, putting C = bn d 1 and keeping in mind that ^2 m>Q m «i iOC) (m) < +00, we derive 



F 2 = 0(C 2d - 1 a 1 , 0O (C))+0 



The proof of Theorem [T] is complete. 



1 + b^' 1 

{\K\bn) 1 ' 2 



0(1). 



2.1 Proof of Theorem [1 

The proof follows the same lines as in the proof of Theorem [TJ We consider the sequence 
K)n>i defined by 



m„ = max < v„ 



1 ~l 

3d 



b 3 



\l\ 2 Si 



h\>Vn 



(16) 



— 1 

where t> n = \bn d ] and [ . ] denotes the integer part function. As in the proof of Theorem 
[TJ the sequence (m n ) n >i satisfies the following lemma which the proof is left to the 
reader. 



Lemma 5 IfJ2iez d V\ 2 ^ < +°° holds th 



en 



m n — > 00, m n b n — > and 



(m^ n )3/2 



\i\>m n 



For any z in R, we denote 

G n (z,z) = #„ 



and G^z, z) = E {G n (z, i) \F n ^ 



(17) 



where = o-(e^ s ; \s\ < m n ). Denoting M n = 2m n + 1, (G n (z, i)) i& d is an in- 
dependent random field (i.e. G n (z,i) and G n (z, j) are independent as soon as \i —j\ > 
M n ). For any x in M and any integer n > 1, we denote 



\K\b 



X^ G n (x, ' 



The proof of the following lemma is done in the appendix. 

Lemma 6 For any p > 2, any x in M., any positive integer n and any (ai) ieZ d in 

-,d 



^ ai (G n (x,i) - G n (x,i)) 
ieA n 



1/2 



< 



Km, 



b,, 



1+j8 



i|>m n 
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Let x 7^ y be fixed and let Ai and A 2 be two constants such that X\ + A 2 = 1. We have 



b^A- 



Ai(|Anie +1 ) 1/2 (/n(x) - Ef n (x)) + \2(\A n \b 2 r i ) 1/2 (f n (y) - Ef n (y)) = J2lh-i 



«eA n 



lAnl 1 / 2 



Ai(|Anie +1 ) V2 (/n(x) - E/„(x)) + A 2 (|A n |6f +1 ) 1/2 (fn(y) - E/„(y)) = £ 
where 

Aj = XiZi(x) + A 2 ^(y) and A* = XiZ^x) + X 2 Zi{y) 
and for any z in R, 

^(2) = 7- (G n (z,z) -EG„(2,i)) and Zi(^) = — (G n (^,«) - EG n (^,i)) 

where G n (z, z) and G n (z,i) are defined by (IT7|) . Applying Lemma [5] and Lemma [HI we 
know that 



^+1 
lA I 1 / 2 



< 



k(|Ai| + |A 2 |) ^ , 
(m^ n )3/2 



So, it suffices to prove the asymptotic normality of ( &„ 2 |A„| ' XlieA ^ ) • Let V 

V ™ / n>l 



|i|>mn 

a 1-1/2' 



m 



(18) 



be defined by f|13l) . The proof of the following lemma is also postponed to the appendix. 



Lemma 7 b^ +1 E(A ) converges to 77 as n goes to infinity. Moreover, if ([BP /io/ds i/ien 
sup ieZdU0} E|A Ai| = o(m- d &- 2 ^- 1 ). 

As in the proof of Theorem [lj in order to describe the set A n , we consider the one to one 
map tp from [1, |A n |] fl N* to A n by: ip is the unique function such that <p(k) <i ex tp(l) 
for 1 < k < I < |A„| where <i ex denotes the lexicographic order on Z d and we consider 
a field (Ti) ieZ d of i.i.d. random variables independent of (Ai) ieZ d such that r has the 
standard normal law jV(0, 1). We introduce the fields T and 7 defined for any i in Z d 
by 

6n +3 Ai 

Note that T is an M n -dependent random field where M n = 2m n + 1 and m n is defined 
by (ITtjj) . Keeping in mind the notations introduced in the proof of Theorem [U it suffices 
to prove that for any function h in Bf(M), 

E(h (^ ( | An |)(r))) > E (h (r 0v /r/)) . 
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Applying Lindeberg's decomposition, we have 

I An | 

E (h (5 ¥ , ( | An | ) (r)) -h(T 0y /rj)) = ^E(/i fcifc+1 - . 

fe=i 

Now, 

hk,k+i — hk-i,k — hj~,k+i — hk-i^+i + hk-i,k+i — hk-i,k- 
By Taylor's formula we get 

I 
2 

and 

hk-i,k+i - h k -i,k = -lp(k)h k -i,k+i ~ 2^(fe)^fe-i,fe+i + Tk 
where \R k \ < rj (fc) (l A |r^ fc )|) and |r fc | < 7j (fc) (l A |7 v (k)|). Since (r, T;);^) is inde- 
pendent of Ttp(k), it follows that 

E (7 v (*)^-i,*+i) = and E (7j(fc)^*-i,fc+i) = E ^j^-j^fc-i.ft+i 
Hence, we obtain 

E (/i(5 , (p (|A„|)(r)) - /» (rov^)) = J2E(r m h' k _ ltk+l ) 

k=l 



1.2 



+£ E (( r 

k=i \ ^ 



2 V \ fyfe-l,fc+l 

V(fc) ~ |A^ 



|A„ 



fe=i 



Let 1 < k < |A n | be fixed. Noting that | A | is bounded by nb^ 1 and applying Lemma 
El we derive 



,3/3+f 



|A„| 3 ' 2 V(|A„|H„)'/2 
and 



|A„I 3 ' 2 - |A„I 3 ' 2 V|A„I 3 ' 2 /' 



Consequently, we obtain 

,l + lr,h-ni L 

J 1 / 2 lAnl 1 / 
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Now, it is sufficient to show 

JXX. (W4- W ) + e ((r* w - ^) %±i)) = o. (19) 

We focus on jjk=l E O-Wj^fc-i.fc+i)- Reca11 that the sets ; 2 G Z d , /c G N*} are 
defined as follows: 

V/ = {j G Z d ; j < lex and for k > 2, = n {j G Z d ; |i - j| > k}. 
For all n in N* and all integer k in [1, |A n |], we define 

Ef" = <p([l, k] n N*) n V$» and sjfocr) = E r * 

where M„ = 2m n + 1. For any function ^ from K to E, we define = ^(^^(r) + 

5^(7)). Our aim is to show that 

|A«| 

J&o E E WUw - (^-D( r ) - 5 S)( r )) Ci,w) = 0- (20) 
fc=l 

First, we note that 

r h' — r a/ m ™ _l r /V k' M « "\ 

1 ^(fc)'ife— i,fc+i — 1 v(fc) Al fe-i,fc+i 1 ^' l A-i,fe+i ' l fc-i,fc+i J ■ 

Applying again Taylor's formula, 

Ftp(k){hk-i,k+i ~ h k~i,k+i) = ^ip(k)(Sip(k-i)(T) - S^(r))h k _ ltk+1 + R k , 

where 

\R' k \ < 2|r^ ) (^ (fc _ 1) (r) - s$,(r))(i a l^-DCr) - s$,(r)|)|. 

Since (Fj)j eZ d is M„-dependent, we have E fr^^/i^" fc+1 j = and consequently fl20l) 
holds if and only if lim n ^ +00 

J2 ] k=l®\ R 'k\ = °- In fact > denoting W n = {-M n + 
1, M n - l} d and W* = W n \{0}, it follows that 

5>|i4i < 2 ^E f|A | f E 1^1) f 1 A rf^ E 1^ 

\ \ i&v* J \ 1 n| ievy„ 

3/9+- 

^^E E ( S o|A,|) + 26r i E E l S oA ! .|. 

1 n| ieWn i&W* 
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Since |A | is bounded by Kb n ^ 1 , we derive 

K0 n 



< 



fc=l 



lAnl 1 / 



T7 j^E(|A A J |) + 26f +1 ^E|A A i | 

sup E(|A Aj|) 



iew n 

-2 s 



K 6f +1 E(An; ,,, , 
< .. L. 0J + Kbf +1 1 + 



(lAnl&n) 1 / 



1 



(|An|6„)Vi 



iGZ d \{0} 



= o(l) (by Lemma [7J and Assumption (A5)). 
In order to obtain f TTTJ]) it remains to control 



|A„ 

F = E[^Ci 



r 2 



-i,fc+i 



*!=i 



2 1 A, 



Denote by S the Borel cr-algebra of R. Without loss of generality, one can suppose 
that (ft, J 7 , P) = (M. zd , B zd , n) and A& = tiq o T fc where is the law of the stationary 
real random field (Afc) fceZ d, 7r is the projection from R z<i to R defined by 7r (u;) = 
Wo and (T k ) keZ d is the family of translation operators from R zd to R zd defined by 
(T fc (u;))j = Ui + k for any k <E Z d and any u; in R zd . Recall also the metric p defined for 
any finite subsets B\ and B 2 of Z d by p(Bi,2 2 ) = min{|i — j\ ; i G -Bi, j G -82} and 
I * — J? I 



maxi< fc < d \i k -j k \ for any i = (i u ...,z d ) and j = (ji, ...,j d ) in Z d . We consider 

{1 < k < |A„| ; G Af"}, 



the following sets: 

A^ = {ieA n ;p({i},dA n )>M n } and if" 
and the function \1/ from R zd to R such that 

M/(A) = Ao+ ^ 2A Aj. 

For 1 < k < |A n |, we set = rj-bf +1 ^oT^ k \A). By definition of * and of the set 
If", we have for any k in if % * T* fc >(A) = A* + 2A^ ) (^ (fc _ 1) (A) - ^(A)). 



Therefore for k in I, 



n i 
(n) 



|A„| 



r 2 

1 v(fc) 



2r^ (fe) (^ (fc _ 1) (r)-^ ) (r)). 



Since ([T]) holds, we have lim^+oo |A n | 1 |I n ™| = 1. So, it remains to consider 



Ft 



E 



(iaIi^^- 1 ^ 1 ^) 
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Applying Lemma we have 

| An 



Fi < 



< 



E 



| A 
b 2 J 



k=l 
.I |A n ' 



+ |^-« ,+1 E(^)|+26f +1 J] E|A 



So, it suffices to prove that 



E J / ,%-l,fc+l( A y(fc) 



2 E(Ao)) 



goes to zero as n goes to infinity. In fact, F 2 < ^ ^Lt"J (4 

(n) + Jfc(n)) where 



E(fe +1 (A; (fc) -E(A 



-7-2 



-r-2 



|A„ 

since is ^feieyj 



measurable and the conditional expectation of A^ fc ) with respect to a ^Aj ; i G 
is null (cf. (Aj) ieZ d is an M n -dependent random field). 



b 2 J +1 3i(n) 



^ ( ( fyfe-l,jfc+l ^k-l,k+\ I \ -VU-) - \ -V) 



E A 



<e'E( (2A e ^]a^ 



|j|<M„ 



< - 1/2 ° ; + 7™ E e i a ° a *i smce i a °i ^ ^ 



(|A n |6„)V2 | An |i/2 



a.s. 



\i\<M n 



< 



sup 



iez d \{o} 



EflAoAil) 



(lAnl^n) 1 / 2 

o(l) (by Lemma [7] and Assumption (A5)). 



The proof of Theorem [2] is complete. 



3 Appendix 



Proof of Lemma ^ Let r be fixed in M* U {oo} and let m nT be defined by equation 

i_ 

([1]). Since b n goes to zero and m n T > v n = [b n 2d ] where [ . ] is the integer part function, 
we obtain m v goes to infinity as n goes to infinity. For any positive integer m, we 
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consider 

r(m) = ^ N d «i,r(N)- 

|i|>m 

Since Yl m >i m ' 2d ~ 1 a i,r( m ) < °°> we have r(m) converges to zero as m goes to infinity. 
Moreover, 

m d nT b n < max j yjb~ n , k (^/ r (v n ) + b n ^j j n ^ > 

We have also 



m d n r > r~V r ( v n) > j-\J r ( m n,r) since v n < m n<T . 
Finally, we obtain 

l — \A d ^A\A)<Jr{m^ T ) — 4 0. 



The proof of Lemma [T] is complete. 

Proof of Lemma&l Using Assumption (A3), for any t in R, there exists a sequence 
(r n (t)) n >i going to 1 as n goes to infinity such that 4>e(t/b n ) = Br n (t)b^/\t\^ . Conse- 
quently, 



2tt y M 5r n (t)6£ 



B%fh rl{t) 



dt (By Plancherel's theorem) 



So, we obtain 



Similarly, 



hm bf [ gl{u)du = -L / |t| 2 ^^(t)rft (21) 
hm W n [ \g n (u)\du = \- [ \tf\<j> K (t)\dt (22) 



For any z in R and any i in Z d , we recall that G n (^,i) := g n {^IT^- Using ( |22|) and 
keeping in mind Assumption (Al), we have 

lP-^\G n {z,i)\ = lP n [ \g n (u)\f Y (z-ub n )du [ \tf\0 K (t)\dt. (23) 
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Similarly, using (I2ip . we derive 

bf-'EGK^i) = bf [ gUu)f Y (z - ub n )du — + t& f \t\ 2 ^ 2 K (t)dt. (24) 

In the other part, for any s in R, 

bf +1 E(Z 2 (s)) = b 2 f (m 2 n (s, 0) - (EG n (s, 0)) 2 ) . (25) 
Combining ( 123ft . (124)) and (1251) . we derive for any s in R, 

lim 6^(^00) = / \t\ 2 ^ 2 K (t)dt. (26) 

Now, let s and t be fixed in R and let i be fixed in Z d \{0}. Then, 

& 2 E|Z ( S )^(t)| <E|G n (s,0)G n (t,i)| + 3E|G n (s,0)|E|G n (t,0)| (27) 

and 

E|G n (s,0)G n (M)| < 6 2 yy \g n (u)g n (v)\f Y {s - ub n )\fi\ {s - ub n ,t- vb n ) - f Y {t - vb n )\dudv 

+ b l \g n (u)\f Y (s - ub n )du \ \g n (v)\f Y (t-vb n )dv 



where /j|o is the conditional density of Yj given Y . Using f[2"3"j) and Assumption (A2), 
we obtain 

sup E|G n (s,0)G n (M)l < d?- 2 K (28) 

JGZ d \{0} 

Combining (USD, (J2ZD and (USD, we derive 

sup E|Z ( S )^(t)| = O(6- 2 ^) 

iGZ d \{0} 

The proof of Lemma [2] is complete. 

Proof of Lemma |3j For any z in R and any % in Z d , recall that G n (z,z) = g n 
We have 



E(Aq) = XiE(Z 2 (x)) + X 2 2 E(Z 2 (y)) + 2X 1 X 2 E(Z (x)Z (y)) (29) 

and 

b 2 n E(Z (x)Z (y)) = E (G n (x, 0)G„(j/, 0)) - E (G n (x, 0)) E (G n (y, 0)) . (30) 
Moreover, 

E (G n (x, 0)G n (y, 0)) = b n J g n {u)g n + ^ fr{x - ub n )du. 
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Keeping in mind Assumption (A4) and x 7^ y, we have 



9n\U + 



y-x 



< 



1 



2tc \u + (y — x)/bn 



u+(y-x)/b„ 



$6 



y— x+ubr, 



dt = 0(b„ 



So, using ( 123ft . we derive 



|E(G n (x,0)G n (j/,0))|<K^ / \g n {u)\f Y {x-ub ri )du = 0{b 2 n ^). (31) 

Jr 



Combining ( 1231) . (130]) and (13~T1) and applying Lemma (H we derive 



\E(Z (x)Z (y))\ = O(b; 



-2/3\ 



(32) 



Combining (J2SD, (Hi and ([32]), we obtain \im n ^ +oo bf +1 E(A 2 ) = rj. Let % in Z d \{0} 
be fixed. Noting that 



E| A Aj| < XlE\Z Q {x)Z i {x)\ + 2X 1 X 2 E\Z {x)Z i (y)\ + X 2 2 E\Z (y)Z i 



and applying the second part of Lemma we obtain sup igZ d\{ } E| A Aj| = 0{b n 2 ^). 
The proof of Lemma [3] is complete. 

Proof of Lemma O We follow the proof of Proposition 1 in [6]. For any % in Z d 
and any x in R, we denote R ri = G n (x,i) — G n (x,i). Since there exists a measurable 
function H such that Ri = H(Ei^ s \ s G Z d ), we are able to define the physical depen- 
dence measure coefficients (5}p )iez d associated to the random field (Ri)i € z d - We recall 
that 8% = \\Ri- R*\\ p where R* = H(e*_ s ; s G Z d ) and e* = e s l b¥0 } + 4 l{j=o} for 
any j in Z d . In other words, we obtain R* from i?j by just replacing e by hs copy e' . 
Let r : Z — >■ Z d be a bijection. For any / G Z, for any i G Z d , we denote 



P,i2 i = E(i2 i |Ji)-E(i2 i |Ji_ ] 



(33) 



where T\ = a (e T ( s ); s < /). 

Lemma 8 For any / m Z and any i in Z d , we have \\PiRi\\ p < <^™Ln p - 
Proof of Lemma [S] Let / in Z and i in Z d be fixed. 



up 
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|E( J Ro|T^)-E(i?o|r^_ 1 ; 



where T % T\ = a (e r ( s )_i; s < l). 

\\PiRi\\ p = ||E (# ((e_.) a6 »i) |TVF,) - E [H (( £ _ s ) se2dUi _ T(0} ; |T*Ji 



< 



if fe 



-s)sez d \{i-T{i)}', £ T{l)-i 



H ((£i~T(i)-s)sez d ) ~ H ((Si-T 



(l)-s)s£Z d \{i-T(l)}] £ 
= \\Ri-r(l) - R i-r(l)\\ p 

The proof of Lemma [8] is complete. 

For all i in Z d , R { = £, eZ p i R i- Consequently, ||EieA n a i R *\\ p = ||E/ e z E;eA„ ^^Hp- 
Applying the Burkholder inequality (cf. [9j, page ??) for the martingale difference se- 
quence (^2 i£An aiPiRi) , we obtain 



&i R i 



ieA r , 



< 



lei 



E a i p i R i 



ieA„ 



2\ 2 



2\ 2 



By the Cauchy-Schwarz inequality, we have 

2 



(j2 1*1 iifl^iip) < E a ' n p ^4 x E n p ^iif 

and by Lemma El Eigz d ll-^-^llp ^ Ejgz d ^ • So, we derive 







«eA n 





Applying again Lemma El we have Y^ gZ ||P/-Rj|| p < Ejez d ^j\p f° r an y * ^ n ^ an d 
finally, we derive 



E a ' Pi 


< 


( 2 pE a n 


«ga„ 


V 


V ieA„ / 



Since G n (x, i) — E (G*(x, i)|-^Jt,t) wnere ^ r n,i = °" i l s l — m n) an d (G n (x, i) - G n (x,' 
G*(x,z) — G*(x,i), we derive 5^ < 2\\G n (x,i) — G*(x,z)|| p . Moreover, for any s and 
t in E, |(? n (s) — g n (t)\ < ^n^l s ~~ ^1- So, we obtain 



(34) 



where 8 i)P = \\Xi - X, 



i IIP- 
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Lemma 9 For any p > 2, any positive integer n and any x in IR, 

K^/p 



\\G n (x,0)-G n (x,0)\\ p < 



\j\>m„ 



Proof of Lemma\f^ . We consider the sequence (B n ) n >o of finite subsets of Z d defined 
by Bq = {(0, 0)} and for any n in N*, B n = {i G Z d ; \i\ = n}. The cardinality of 
the set B n is \B n \ = 2d(2n + for n > 1. Let r : N* — > Z d be the bijection defined 
by r(l) = (0,...,0) and 

• for any n in N*, if / G ]a n -i> in] then r(/) G -B„, 

• for any n in N*, if (p, q) G ]a n -i, a n] 2 and p < q then r(j») < lex r(g) 

where a n = Y^=o l-^il § oes to infinity as n goes to infinity. Let (m n ) n >i be the se- 
quence of positive integers defined by (TT6]) . For any n in N*, we recall that J-^o = 
a (e- s ; |s| < m n ) and we consider also the u-algebra Q n := a {e T (p) \ 1 <P < n>)- By 
the definition of the bijection r, for any n in N, 1 < p < a n if and only if \r(p)\ < n. 
So, we have Q amn = F nfl . Consequently, G n (x, 0) - G n (x,0) = Y J i>a mn D i with 
A = E(G n (ac,0)|</i) - E(G n (a;,0)|£?/-i) for any / in Z. Let p > 2 be fixed. Since 
(Di) leZ is a martingale-difference sequence, applying Burkholder's inequality (cf. [9], 
page ??), we derive 

1/2 

||G„(x,0)-G n (a;,0)||p< I 2p £ ||A||^ 

\ l>a mn 

Denoting G' n (x, 0) = ffc" 1 fx - F N£_ s ) seZ d\ { _ rW} ; e^J - 6> )), we obtain 

HAlIp = ||E(G n (x,0)|^) - E(G^(x,0)|^)ll P < ||G n (z,0) " G^(a:,0)|| p . 
Keeping in mind that \g n (s) — g n (t)\ < Kb~?\s — t\ for any s and t in M., we derive 



||A||p<«6; 1 - / ' 
= Kb: 1 -? 



F((e. 



— F [(e- 



s)s&Z d \{-T(l)}l £ T (J) 



F ((£_ r( Q_ s ) seZ <i) - F f(e. 



Kb: 1 -? \\X_ T(l) - X*_ T 



-(01 



«6, 



-r(/)-sJ S GZ d \{-r(Z)}; £q 



and finally 



1/2 



||G n (x,0) - G n (x,0)|| p < Kb- 1 -? j 2p £ j < Kb- 1 '^ J2 S Sr 

l>a mn J \j\>m n 
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The proof of Lemma M is complete. 

Noting that < 2||G„(x, 0) — G n (x, 0)\\ p and applying Lemma [91 we derive 

n \j\>m n 

Combining ( |34j) and (135|) . we obtain 



b'|>Tln 

The proof of Lemma M is complete. 



Proof of Lemma [71 Let s and t be fixed in R. We have 

|E (G n (s, 0)G n (t, 0)) - E (G„(s, 0)G„(t, 0)) | < ||G n (s, 0)|| 2 ||G n (t, 0) - G n (t, 0) || 2 

+ ||G n (t,0)|| 2 ||G n ( S ,0)-G n ( S ,0)|| 2 . 

Using ([21]) and applying Lemma [HJ we derive 

|E(G n (s,0)G„(*,0)) -E(G n (s,0)G„(f,0))| < V 5 r 

On [i|>m n 

Since b 2 n \E(Z (s)Z (t))-E(Z (s)Z (t)\ = |E (G n (s, 0)G n (£, 0)) - E (G n (s, 0)G„,(t, 0)) |, 
we obtain 

m^f +1 |E(Z ( S )Z (t)) -E(Zo(s)Z (t)| < " 2 £ |# <V (36) 

Combining ( I26p . (136 p and Lemma for any z in R, we obtain 

6f +1 E(^(,))— — ^ 2 (,). (37) 

n— >+oo 

Similarly, combining ([3*21 . (136]) and Lemma [5], we derive 

lEfloWlofeDhoKt^ 1 ). (38) 

In the other part, we have 

E(Aq) = A?E(Zo(x)) + A^E(Zo(y)) + 2A 1 A 2 E(Z (x)Z (?/)). (39) 
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2 

Combining (157)1 . (138]) and ( |39|) . we obtain the convergence of 6f + 1 E(Aq) to 77 as n goes 
to infinity. 

Let i 7^ be fixed in Z d and let s and t be fixed in R. We have 

m^ +1 E\Zo(s)Zi(t)\ < mibf- 1 (E|G n (s, 0)G n (t,i)| + 3E|G n (s, 0)| E|G n (t, 0)|) . 

(40) 

Since ||a| — < \at — (3\ for any (a,/3) in M 2 and applying the Cauchy-Schwarz 
inequality, we obtain 

\E\G n (s,0)G n (t,i)\-E\G n (s,0)G n (t,i)\\ < ||G„(s, 0)|| 2 ||G n (*, 0) - G n (t, 0)|| 2 

+ ||G n (t,0)|| 2 ||G n ( S ,0)-G n ( S ,0)|| 2 

Using again (124")) and applying Lemma [91 we derive 



- 1 \E\G n (s,0)G n (t,z)\-E\G n (s,0)G n (t,z)\\ < ^ (41) 

^ n |i|>mn 



Combining ( I28p . (141 p and Lemma we obtain 

sup E|G„(s,0)G n (M)| = o(m- d b-^ +1 ). (42) 

iez d \{o} 

Moreover, using (1231) and applying again Lemma [5J we have 

E|G n (s,0)|E|G n (t,0)| =o(m- d b- 2(3+1 ). (43) 
Combining ($0$), (S2J) and (J43]), we derive 



sup E\Z (s)Zi(t)\ = o{m- n d b- n 2fi - x ). 

i& d \{0} 

Since E|A A,| < A 2 E|Z (x)Zi(x)| + 2X 1 X 2 E\Z (x)Z i (y)\ + X 2 2 E\Z (y)Z l (y) |, we have 
also sup ieZ d\{ } E| A Aj| = o{rn~ d b~ 2 P~~ x ) . The proof of Lemma [7J is complete. 
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